An algorithm for symbolic solving systems

of partial differential equations

N.Malaschonok
Tambov State University
Internatsionalnaya, 33
392000 Tambov, Russia
email: nmalschonok@narod.ru
MMCP 2009 — Dubna (07.07.09-11.07.09)

7 wirons 2009 r.

N.Malaschonok An algorithm for symbolic solving systems of partial differential e



Laplace-Carson transform (LC)

f(X)— F(P)= P! /Oo e PXf(X)dX,
0

X=x1,...X, P=p1,...pn, Pr=p1...pn, PX=(X,P),
dX = dxy ...dx,.

At that n(X) — 1.
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PDE system

Consider a system

K M o )
Z Z aj’"kamoq oM x (X) = 6’ Jj=1, K, (1)
k=1 m=0

where my + ... 4+ m, = m, u¥(X), k=1,...,K, - are unknown

functions of X = x1,...,X,, &, — constants.
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Initial conditions

We denote by

r:(rlv'“arn)v ﬁ:(ﬂla"'vﬂn)vﬁizowumi

a set of indexes such that the corresponding derivative of

u(X)
equals
K r
U,@,r(X )
at the point X with zeros at
My,...,M

places.
For example, if zeros stand at the places with the numbers /1, b, 5, then
M= (0,...,0,/1,0,...,O,/2,0,...,0,/3,0,...,0), or simply = (/1,/2,/3)
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For example for a function u®

84
U2y (1,2)(XH?) = mus(oaoyx&---xn) (2)

All functions

are of exponential type.
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LC of PDE system

Let LC : vk — Uk.
Then
am my,...,mp .
u(X) = (=1 Y pM R p T Uf (P
j1=0,....ja=0

L.c: —M—
OmMxq ...0Mnx,

Here v = ||T'|| — the length of I', 8 = (j1,...,Jji). Note, that
U(50’0)(070)(P) = U3(P).
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For example, in (2) for n = 4 we have:
4

LC: 76%.?8'"%@ us(X) —

p]2_p§ U(5070)(070) (X17 X2, X3, X4)_
*prg U(EO,O)(I,O) (X27 X3, X4) - PlP% U(5170)(170)(X2; X3, X4)*

_p%pg U(So_’())(o’l)(xh X3, X4) - P§P2 U(50)1)(071)(X1a X3, X4)+
P%P% U(So)o)(Lz) (X37 X4) + plp% U(Sl,o)(1)2)(x3a X4)+

JFP%P2 U(5071)(1_’2)(X3a X4) + p1p2 U(5171)(1,2) (X37 X4)-
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my,...,mp .
oh=(-1 > e
J1=0,....ji=0

N.Malaschonok

UL H(PT) — PTUR(P)
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As a result of Laplace-Carson transform of the system (1) according to
initial condition we obtain an algebraic system relative to UX.

K M ] M ]
NN d U=F-) a0k j=1,.K, (3)
k=1 m=0 m=0

An algorithm for symbolic solving systems of partial differential e

N.Malaschonok



Denote by D the determinant of the system (3),D; — the maximal order
minors of the extended matrix of (3). A case when there is a set S of
zeros of D with infinite limit point at Repx > 0,k =1,...,n is of most
interest. Solving the system (3) we obtain U* as fractions with D in the
denominators. The inverse Laplace-Carson transform is possible if

ok, k =1,...,n exist such that these functions are holomorphic in the
domain Repyx > ay,. So we make a demand: D; = 0 at S. This demand
produces requirements to initial and boundary conditions, they turns to
be dependent. We obtain the so-called compatibility conditions.
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For example the Laplace-Carson transform of the equation

ou Ou

a—azf(xa}’)

with initial and boundary conditions u(0, y) = a(y), u(x,0) = b(x) is the
algebraic equation

(p—q)U(p,q) = F(p,q) + PA(q) — gB(p).

Here a(y) — A(q), b(x) — B(p), f(x,y) — F(p,q). We demand: if
=0, ie.

The inverse Laplace-Carson transform produces the compatibility
condition:

a(x) — b(x) + /X f(x —s,s)ds =0.

The algorithm of solving the system (1) consists of three main steps:
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Example

of  Og

—+ = = x,
ox Jy

of g _
ay Tox 0

f="f(x,y);, g¢=2g(xy)
Initial conditions
0) = b(x); g(0,y) =c(y); &(x,0)=d(x).
; <E,T(><,y)H v(p,q)

f(0,y) =aly): f(x,0)=
LC: f(x,y) — u(p, q)

a(y) — a(q), b(x) — B(p)
c(y) = d(q), d(x)+— ~(p)
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pu—pa(q) +qv —qy(p) =

Q|5 |~

qu—qB(p) +pv—pi(q) =

Then ) )
__—op"+ 69"+ (0—1)pg
- 2 _ A2
_ PP+ @+ (a—B)p*q’ — (0p* —14°)pq
pa(p® — q?)
q=p
a—B+v-56=0
2
=0, y=—, §d=—; a=0
p q
___2
p+q
_ p+2P°+q+29° +2pg
pa(p + q)
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LC1:

2x .,y > X,

f:_{2y, y <x,

0]
Il

Q+y)x , y<x
y2+x) , y=x
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I. Laplace-Carson transform of the system (1).

[I. Solving of the algebraic system (2).

[1l. Establishing of compatibility conditions.

IV. Inverse Laplace-Carson transform of the solutions of (2) — it is the
solution of the system (1).
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To provide the symbolic character of all computations we carry out the
following:

1) Represent all given functions as sums (or series) of exponents with
polynomial coefficients.

2) Factorize D (as full as possible).

3) Represent the solution of algebraic system as sums (or series) of
algebraic fractions with exponential coefficients.
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